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ABSTRACT

Skin microcirculation plays an important role in several diseases including chronic venous insufficiency
and diabetes. Magnetic resonance (MR) has the potential to provide quantitative information and a better
penetration depth compared with other non-invasive methods such as laser Doppler flowmetry or optical
coherence tomography. The continuous progress in hardware resulting in higher sensitivity must be cou-
pled with advances in data acquisition schemes. In this article, we first introduce a physical model for
quantifying skin microcirculation using diffusion-weighted MR (DWMR) based on an effective dispersion
model for skin leading to a g-space model of the DWMR complex signal, and then design the correspond-
ing robust optimal experiments. The resulting robust optimal DWMR protocols improve the worst-case
quality of parameter estimates using nonlinear least squares optimization by exploiting available a priori
knowledge of model parameters. Hence, our approach optimizes the gradient strengths and directions
used in DWMR experiments to robustly minimize the size of the parameter estimation error with respect
to model parameter uncertainty. Numerical evaluations are presented to demonstrate the effectiveness of

our approach as compared to conventional DWMR protocols.

© 2010 Elsevier Inc. All rights reserved.

1. Introduction

Skin can be thought of as the first line of defense of the body
against pathogens found in the environment. From outermost to
innermost layer, the skin possesses three primary layers, as shown
in Fig. 1: the epidermis (with a thickness ranging from 0.05 mm on
the eyelids to 1.5 mm on the palms and soles), the dermis (from
0.3 mm on the eyelids and 3.0 mm on the back), and the hypoder-
mis. Nourishment and waste removal in the dermis are accom-
plished through the blood vessels present in the dermis, which
also provide the same service to the cells in the deepest layers of
the epidermis (Stratum basale) via diffusion. These blood vessels
are composed of capillaries, arterioles, venules, and arteriovenous
anastomosis (shunting vessels). The former are used for nutrition,
while perfusion through the latter three allows for temperature
regulation and feeding and draining of the capillary network [1].
Diseases such as chronic venous insufficiency [2] and diabetes [3]
impair skin perfusion, which may lead to decubitus ulcer forma-
tions and necrosis. In wound healing, vascular supply to the wound
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is essential and relies on neovascularization or angiogenesis [4],
and means of quantitatively characterizing perfusion is crucial
for prognosis.

In vivo skin studies using nuclear magnetic resonance (NMR)
spectroscopy and imaging offer several advantages over optical
techniques such as laser Doppler flowmetry (LDF, see [5,1]) and
optical coherence tomography (OCT, see [6-9]). Namely, there is
no limitation of the depth of the field-of-view (FOV), and, while
LDF data compound effects from flow, density of light scatterers,
and depth-of FOV and are reported in arbitrary units, NMR proto-
cols can be quantitative [10]. Wright et al. [11] provide a review of
non-invasive methods for evaluating the skin’s microcirculation,
wherein specific advantages and disadvantages for all available
methods are presented. In particular, LDF suffers from large day-
to-day variance (on the order of 20%). Wright et al. discuss two
additional experimental techniques used to measure skin microcir-
culation: laser Doppler perfusion imaging and photoplethysmogra-
phy, however the former is scantly used and requires more
validation studies and the latter suffers from the same shortcom-
ings as LDF. Finally, this review points out that “the use of MRI
as a dermatological tool for inspecting and quantifying the skin is
only considered to be at a preliminary stage”.

For skin studies, MRI suffers from low signal-to-noise ratios
(SNR) due to the relatively low relaxation times compared to other
tissues: T, values for the different skin layers varies from 135 to
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Fig. 1. The distribution of the blood vessels in the skin of the sole of the foot (reproduction of a lithograph plate from Gray’s Anatomy). Corium is an alternate term for dermis.

360 ms [12], the T, of the dermis has been measured at 28 ms [13],
while a T; of 9.8 ms for 90% of the dermis signal has been reported
[14]. Recent advances in hardware can help overcome low SNR
limitations, such as dedicated surface receiver coil [8], high-
temperature superconducting (HTS) receiver surface coils [15,16],
high-field spectrometers [17,18] and single-sided NMR probes
[19,20]. Recent in vivo MR skin studies have made significant pro-
gress in increasing the spatial resolution for imaging as well as
localized spectroscopy. For imaging, the voxel has gone from
50 x 150 x 1000 um? at 2 T [12] to 100 x 130 x 500 um? at 1.5 T
[21], and 40 x 80 x 900 um> [15] with a HTS coil at 1.5 T. More-
over, a voxel of 59 x 59 x 59 um> with a SNR of 20 has been
achieved for in vivo microimaging of a mouse with a 12-mm HTS
surface coil in a standard clinical 1.5 T whole-body scanner [16].
For spectroscopy, a volume of interest of 0.14 x 10 x 10 mm?> has
been successfully used to characterize the biochemical contents
of the different skin layers, and empirically correlate relaxation
times (T; and T5) to healthy and diseased skin [8].
Diffusion-weighted magnetic resonance (DWMR) protocols
have the potential and flexibility to provide quantitative measure-
ments of blood flow without the use of an exogenous contrast
agent. DWMR protocols for either spectroscopy or imaging involve
the sampling of g-space (the Fourier reciprocal space of spin dis-
placements) via the choice of magnetic gradient strengths and
directions [22-26]. When combined with an imaging pulse se-
quence which acquires data in k-space (the Fourier reciprocal
space of spin locations), DIWMR imaging consists of acquiring a ser-
ies of images, each of which corresponds to one sampling location
in g-space. In DWMR, a data model for the signal in g-space is often
used, and the corresponding inverse problem is solved to estimate
the model parameters of interest designed to characterize the
physical problem under study (e.g., DTI [27], ADTI [28], CHARMED
[29], QUAQ [30,31]). Examples include diffusion and perfusion
measurements in living tissues [32], and estimation of the vascular
volume fraction and mean microflow velocity in canine myocar-

dium [33]. From a pulse sequence programming point-of-view,
stimulated-echo pulse sequences [34,33] or single-shot techniques
with time-efficient interleaved multi-slice acquisition [18] may be
used for DWMR to avoid an excessive drop of signal due to T,
relaxation. While apparent diffusion coefficients have been mea-
sured at a voxel size of 95 x 95 x 1000 um? via DWMR in in vitro
animal skin tissues in a 2 T clinical whole-body MRI system [35],
microimaging at 21 T has been performed on hairless rat skin with
spatial resolutions down to 19.5 x 19.5 x 300 um® [17] and
15 x 15 x 40 um> [18], and several NMR modalities-including
DWMR imaging-were evaluated for their usefulness in distin-
guishing between different skin appendages (stratum corneum,
epidermis, reticular dermis, papillary dermis, hair follicle and seba-
ceous gland).

Besides the experimental noise in the acquired DWMR data, an-
other source of error comes from the way g-space is sampled (i.e.,
the DWMR or g-space sampling protocol) and how noise propa-
gates through the inverse problem into the model parameter esti-
mates. Therefore, a key piece of the design of an experiment is to
optimize the DWMR protocol (i.e., encoding gradient strengths
and directions). Several schemes to pick gradient direction
schemes for DTI experiments are reviewed in [36], such as numer-
ically optimized schemes (minimum force, minimum energy, min-
imum condition number), heuristic schemes (orthogonal encoding)
and geometric schemes (icosahedral polyhedra). Jones et al. [37]
proposed that in absence of any prior knowledge of the tensor to
be estimated (or the imaged structure), gradients can be uniformly
distributed in 3-D gradient space by minimizing Coulomb’s force
(minimum force-MF) between unit charges on a sphere where
charges represent the gradient directions. Instead of optimizing
the diffusion gradient direction schemes, optimization can also
be on the selection of diffusion gradient strength, diffusion pulse
duration, diffusion pulse interval and number of diffusion gradient
directions, such as in [38]. Brihuega-Moreno et al. [39] used
Cramer-Rao lower bounds (CRLB [40,41]) for the optimal selection
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of b-values for apparent diffusion coefficient (ADC) measurements
by minimizing the CRLB of the ADC with respect to the b-values.
Similarly, Cercignani and Alexander [42] applied the CRLB in quan-
titative magnetization transfer (MT) MRI where they further opti-
mized the MT-MRI acquisition scheme to be robust within the
range of MT model parameters observed in the brain. The afore-
mentioned methods assume Gaussian noise model in the definition
of CRLB. A more appropriate noise model for the magnitude MR
image data used in DTI or ADC measurements is the Rician noise
model [43,44] and an application of the CRLB has been demon-
strated by Alexander in [38] for the optimization of acquisition
parameters using the CHARMED diffusion model [29].

In this paper, we propose an optimization framework for the ro-
bust optimal design of DWMR protocols using CRLB for the exper-
imental study of skin microcirculation to complement ongoing
hardware advances. Compared to standard optimization [10], the
robustness of our DWMR protocols is achieved by incorporating
the uncertainty in the a priori information, such that the DWMR
protocols are optimized against the worst-case scenario.

2. Methods
2.1. DWMR model for skin microcirculation

DWMR protocols via pulsed field gradient MR result in the acqui-
sition of a normalized echo attenuation, A(q, 4) € C, which corre-
sponds to the Fourier transform of the probability density function
of the spin displacements [22,45]. A(q, 4) is a function of the spatial
frequency of the spin displacements, q:= ygdé/27 < R?, and 4,
where ¢ and A are the duration of and time between the pulsed field
gradients g e R?, respectively [22]. Experimentally, A(q,4) is
obtained by dividing the measured echo A"(q,4) with diffusion-
encoding gradients turned on (q # 0) by the echo A; :=A"(0, 4)
obtained with diffusion-encoding gradients turned off (q = 0) [45]:

A'(q,4)
e (1)

Alg. A) =

In order to obtain a DWMR model for skin microcirculation, an
effective physical model for microcirculation in the skin must first
be constructed. To do so, the standard advection-diffusion equation
that characterizes blood flow in the skin can be volume-averaged
and linearized [46]:

8—C+V~VC:DV2C, )
ot

which introduces a spatially averaged velocity field, V: = [V,V,V,]",
and a symmetric dispersion tensor, D € R**3, which reflects on both
the advection and diffusion processes, as well as on the geometry,
and may be time-dependent [47]. The model parameters, V and D,
correspond to an effective dispersion model for skin at the chosen
voxel scale. It can be shown [48] that the response to an impulse
function, C(x,y,z,0) = Cod(x,y,z,0) after a time t is given by

Coxt) =0 (x— Vi) Z; x=vo)] .

(4m)3£3 (detD)

exp [—

For an impulse initially located at a location xo, X in (3) needs to be
replaced by the vector ¥ — xo, which can be thought of as a displace-
ment vector. Then after normalization, (3) provides the probability
density function of the spin displacements, which corresponds to
the inverse Fourier transform of the DWMR signal A(q, 4) [45].

Let us now consider specific DWMR protocols for skin microcir-
culation. The imaging voxel can be taken such that z is the direc-
tion perpendicular to the skin surface (and surface coil). As noted
in [11], the blood vessels in the deep horizontal plexus run parallel

to the surface of the skin, prompting us to assume that the z-axis is
one of the principle axis of the dispersion tensor. As a result, dis-
persion along the z direction is decoupled from dispersion in the
(x,y)-plane, wherein the dispersion along the x- and y-axes is cou-
pled (i.e., in general, Dy, # O or the principal axes of the dispersion
tensor in the (x,y)-plane are rotated from the x- and y-axes by a
non-zero angle). Then, with q: =[qy,q,,q.]", our effective model
for A(q,4) is obtained by taking the inverse Fourier transform of
(3), leading to

d
A(q, 4) = exp [—4712 (A - §> (Dxxfﬁ + Dyyq§ + ZDququ)}
x exp [i27A(Viqy + Vyq,)]

X exp {—4%2 (A - g) D.q2 + iZnAquz} ) 4)
This paper focuses on setting up the framework for developing a
skin microcirculation model and the robust design optimization of
DWMR protocols used for its implementation. Therefore, a simpler
model is more appropriate, such that the optimization results can
be more readily interpreted and provide a greater insight than if a
more complex effective dispersion model were used. However,
our framework can accommodate more complex DWMR signal
models without any insurmountable difficulties by modifying (4)
and using for instance a full dispersion tensor and/or modeling mul-
tiple compartments [10], based on a more complex effective disper-
sion model for skin at the chosen voxel scale.

2.2. Experimental design

On clinical scanners, because of the limited gradient strength
capabilities, the values for the duration (6) and separation (4) of
the pulsed gradients are quite constrained. The maximum desired
value for q is typically achieved by using the maximum allowed
gradient strength, which then fixes §. The value for 4 is then typ-
ically chosen in order to minimize the duration of the echo time so
as to minimize T, relaxation and maximize the SNR. Ideally, one
would use a pulse sequence, wherein the diffusion-encoding gradi-
ents can be set to zero without modifying the timing of the pulse
sequence, and in particular shortening the echo time, such that
by taking the ratio A*(q, 4) /Ay, the T, weighting cancels out. Should
such a DWMR pulse sequence not be available on the MRI scanner
used and the echo time vary for the data acquired, one would need
to take T, effects into account as done in [38]. An upper bound for
q: = ||q|| is imposed to limit the signal attenuation due to diffusion,
such that the commonly used b value remains below by.x=
1000 s mm™2, with

b;m%@—%. (5)

Moreover, for DWMR, collecting data on a small number of spheres
in g-space is usually more practical and efficient experimentally
[10,49,27]. One reason is that the software on clinical scanners of-
ten optimizes the MRI pulse sequence parameters for a given value
of g. It is then generally preferable to collect one reference image
per value of g, such that when using (1), the signal A; is collected
for exactly the same experimental parameters as A’(q, 4), only the
diffusion-encoding gradients turned off.

Noise in MR data is modelled as independent Gaussian noise
with zero mean in the two quadrature detection channels
[43,44]. The sensitivity to noise will determine the required SNR
in experimental DWMR data, and thus, ultimately, the voxel size.
This numerical analysis of our DWMR model will therefore allow
the proper design of MRI protocols and avoid costly trial-and-error
repetitions of MRI experiments. The model (4) can be written
as A(q,0%), where 0* € RP is the true parameter vector (p=7)



J. Choi, L.G. Raguin/Journal of Magnetic Resonance 206 (2010) 246-254 249

corresponding to the true values for the parameters of our DWMR
model for skin microcirculation, namely Dy, Dy, Dyy, D, V4, Vy, and
V.. Additionally, the g-space sampling protocol is defined as

Qu = {dmtm 1. (6)

with M > p. Then, since A; is typically quite large compared to
A’(q, 4), the Gaussian noise contained in A; is assumed to be negli-
gible compared to that in A'(q,4), which is consistent with pub-
lished noise propagation studies (see for example [38,39]), such
that the corresponding set of measurements can be written as:

Am i=A(Gm, 0*) +em, m=1,....M, (7)

where e, is a complex-valued white noise random variable with the
following properties: its real and imaginary parts are jointly normal
and independent, each with zero mean and variance ¢2, such that
e, has variance 2¢2. The origin of this complex-valued white noise
is from the asymptotic normal distribution of the Fourier transform
of white noise [50,51]. It may also come from the quantization and
electronic noise of the data acquisition system.

The inverse problem then consists in estimating the parameters
related to skin microcirculation from our DWMR model (4) given
the measurements (7). Using nonlinear least squares (NLS), the
parameter estimates 0y € RP are obtained by minimizing the resid-
ual sum of squares:

A(dm, 0) 8)

M 2
Oy = arg mmSM( Z ‘

=
where |-| denotes the magnitude operator on a complex number.
The objective of this manuscript is to numerically find the optimal
g-space sampling protocol for the DWMR model (4), subject to real-

istic experimental constraints, such that the uncertainty in the
parameter estimates 0y is minimized.

2.3. Experimental design optimization

The Cramer-Rao Lower Bound (CRLB) provides the minimal
achievable estimation error variances by any unbiased estimator
[40], i.e., for the given noise model in (7), the estimation error vari-
ances resulting from the NLS estimation of the physical parameters
of interest according to (8) cannot be smaller than those prescribed
by the CRLB. Therefore, it serves as a good criterion to optimize the
g-space sampling protocol for our DWMR model for skin microcir-
culation. In particular, by the Cramer-Rao theorem [40], the covari-
ance matrix W of any unbiased estimator 0, is lower bounded by
the CRLB, or the inverse of the Fisher Information Matrix

FIM(0*,Qu) [41]:
* -1 0-2227)\1/1(9*)
W = FIM(0*,Qy) ' = =24 —: CRLB 9)
with
1 M ! *\ A/ *
EZM :M;Re{/‘ (qm’() )A (qvav() ) }: (]0)

where the positive semi-definiteness of a matrix A — B is denoted by
A — B = 0or equivalently A = B. Re{T} is the (element-wise) real part
of matrix T and A'(qp,, 0%) := 9A(qpm, 0)/90],_+. Under some regular-
ity conditions [41,52], (9) becomes an equality as M — co (asymp-
totic normality), such that the right-hand-side of (9) can be used
to predict the covariance matrix of the estimates. Hence, this sug-
gests the formulation of an experimental design optimization that
aims at decreasing the size of the CRLB in order to improve the qual-
ity of the estimation of unknown parameters.

In this work, the problem is to find an optimal configuration of
M measurement points, Qqp, such that the size of the confidence

region of the parameter estimates and/or the estimation error vari-
ances are reduced. Following the discussion in Section 2.2, we re-
strict the sampling vectors q,, to be on a single sphere of radius
q < Gmax: = bmax/[47%(4 — 8/3)] and centered at the origin, which
we denote & ¢ R?, resulting in Qy € 9™ c R®M. There are then
(2M + 1) variables describing Qy,; to optimize: 2M spherical angles
to define the orientation of the sampling vectors q,, and one vari-
able for their magnitude q. This parameterization is consistent with
standard sampling protocols used for DWMR imaging [37].

We consider two optimization criteria: D-optimality [40] in
which the determinant of the FIM is maximized, and A-optimality
[40,53] in which the trace of the CRLB is minimized. Formally, we
solve the following optimization problems:
= arg max ]1(0* Qu) ¢€{D,A}, (11)

opt

where Jp is defined for D-optimality,

Io(0*,Qu) : det{ = ZRE{A A, 0%)A (A, 0*)*}} (12)
and J, is defined for A-optimality

251 *
J(0* Q) = —trace %} (13)

Remark 1. The minimum of the D-optimal design is invariant to
any transformation of the parameter vector 0. However, this
measure does not allow to place a hard-bound on each estimation
error variance of parameters. Conversely, A-optimality is not
invariant to any transformation of 0, and provides a hard-bound
on every estimation error variance [53]. In this paper, the units of
the model parameters are scaled, so that the terms in Ja(0*,Qu)
have consistent units [54].

These D- and A-optimal design problems are solved numerically
by using a gradient-based method from the optimization toolbox
in MatLab (The MathWorks, Natick, MA) for a given 6*. In practice,
the a priori value 6, of 6* may be used instead of the unknown true
value for 6* [41]. Alternatively, an a priori estimate of 6* may be
available from preliminary data or known range of possible values.
The following section deals with optimizing the experimental
parameters to take into account such an approximate knowledge
of 0*.

2.4. Robust experimental design optimization

Consider the model in (7) with 0* € A,, where the true param-
eter vector 0* is contained in an uncertain parameter set A, i.e., A,
is an available a priori knowledge. Then our robust experimental
design problem with respect to the uncertain parameter set can
be formulated as follows [53]: find Qy in order to maximize the
worst case of J,(0*,Qu), given in (11)-(13), i.e., solve the following
robust optimization problems:

Q' = arg max mm]é(e Qu) ¢e{D,A} (14)

mesM 0l
In order to deal with the optimization problems in (14), let us intro-
duce the uncertain parameter set A, containing the true parameter
vector value §* more specifically as a Cartesian product of intervals
A =TI, 107, 0] = (05, 0] (05,65 - x [0}, 60,], (15)
where 0f and 0 are the lower and upper bounds for each model
parameter 0;, respectively. The robust optimization problems de-
scribed by (14) can be solved by using a trajectory-following gradi-
ent algorithm for max-min optimization [55]. Supposing that the
max-min solution exists for (14) and that the limits on the decision
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variable are suitable such that it is unique, the trajectory then con-
verges to the unique stationary solution for (14), i.e., lim,_,..0(t) = 6,
and lim,_..Qu(t) = Qy [55]. However, in general, the solution can
be non-unique and can be located at the boundary of A, x ™.

To avoid local minima and achieve a fast convergence rate for
the trajectory {[0(t), Qu(t)] € 4y x Y™ t € N}, where t is a fictitious
discrete time variable, the following iterative algorithm is imple-
mented. At each step of the algorithm, the change from t to t +1
along each coordinate in A, x M is done by introducing:

0™ (£) = argminJ, (0, Qu(0)), (16)

which is solved by sampling A, at discrete locations, computing J, at
these locations for the current configuration Q, and then picking the
value for 0™" that minimizes the sampled values for J,. Then, at the
next iteration,

0t + 1) = 6™"(¢), (17)
and, with € > 0 is a small positive number,
d, in
an(E-+1) = an(0) + €40 (07(0), Qu(0). (18)
m

Thus, ™" satisfies that 9J,(0™" Qy) /80;~0 and &],(6™,Qy)/
907 > 0, or that 0; = 0- or 0, for all i =1,...,p. To counteract the ef-
fect of the discrete sampling, when ;6" or 6, a better estimate for
the location of 0™" is obtained by parabolic fitting. The algorithm
(17),(18) stops when 0{t+1)—0(t)=~0 for i=1,...,p and
qrm(t+1) — qu(t)~0form=1,...,M for all future time; we then ap-
ply a gradient search algorithm starting from the states obtained
from the previous step.

Our numerical results reveal that solving the robust optimiza-
tion using our proposed combined algorithm represented by (17)
and (18) is much more efficient in terms of computational time
and local critical points than using a trajectory-following gradient
algorithm [55] alone.

3. Results

The NLS estimator for our DWMR model (4) to quantify skin
microcirculation is evaluated by analysing the covariance matrices
from the NLS estimation using Monte-Carlo (MC) simulations with
K realizations and a noise level ¢ = 5%. The performance with other
noise levels can be obtained from (9), which indicates that for a given
g-space sampling protocol the standard deviations of the NLS esti-
mates scale linearly with the noise level . The parameter estimation
is done using the Levenberg-Marquardt algorithm [56] with an ini-
tial guess equal to a vector with a 10% deviation from the true param-
eter 0*. The number K of MC realizations is chosen such that the
predicted standard deviations converge towards their predicted
values, which is achieved for K = 20000. A set of realistic experimen-
tal parameters is chosen (see Table 1): 4 =3 s, = 0.03 s, and the val-
ues of the coefficients of the dispersion tensor are chosen by
selecting three eigenvalues (here, {3.0,2.2,2.5} x 10> mm?s™')
corresponding to the x-, y- and z-axis and performing a rotation of
angle o = /3 about the z-axis.

3.1. Performance of our D- and A-optimal experimental protocols

Three sets of g-space sampling protocols (M = 12) identified by
sets of locations on one sphere are compared: our D-optimal (Q(,Dpt)
and A-optimal (Qf}pt) g-space sampling protocols obtained from
(11)-(13), and a conventional sampling protocol denoted by Qp
based on Papadakis’ scheme 12 [49], which was used experimen-
tally in [33] for instance. For Qp, the gradient magnitude defining
the sphere was optimized. For our DWMR model (4) and the cho-

sen 0*, the optimal radius of the sphere for both the D-optimal and

Table 1

Comparison of the NLS estimates obtained with conventional (Qp), D-optimal (Qg’p[)
and A-optimal (Qg‘pg g-space sampling protocols containing M =12 sampling
locations for ¢ =5% noise. The computed values result from MC simulations
(K =20000). The values for Dyx, Dyy, D, Dyy, and Dy, are expressed in 107> mm? s~

The values for V,, V), and V, are expressed in mm s 1

0* Mean values
QP Ql?pt Qﬁpt
Dy 2.400 2.402 2.402 2.402
Dy, 2.800 2.801 2.799 2.804
D,, 2.500 2.499 2.501 2.501
D,y —0.346 —0.346 —0.347 —0.349
Vi 0.300 0.299 0.300 0.300
vy 0.400 0.400 0.400 0.400
V, 0.100 0.100 0.100 0.100

A-optimal g-space sampling protocols (QODp[ and Qﬁpt. respectively)
was determined to be ¢~17.9mm™!, corresponding to
b~ 342 s mm~2, while for the conventional sampling protocol
(Qp) was determined to be g~ 17.1 mm~!, corresponding to
b~312smm 2

The unit gradient directions corresponding to the D-optimal,
A-optimal and conventional g-space sampling protocols are shown
in Figs. 2 and 3. It is quite apparent that both optimal sampling pro-
tocols have the particularity of having one sampling location at each
pole and ten sampling locations around the equator. Given the sym-
metry with respect to the (x,y)-plane (i.e., the plane of the equator)
of the chosen model, it was to be expected. This observation provides
an intrinsic verification of our optimization procedure.

The three g-space sampling protocols are compared via Tables 1
and 2, which report on the mean values and standard deviations,
respectively, of the NLS estimates as well as the analytical predic-
tions of the latter using the asymptotic normality of the NLS esti-
mates [41,52]. Table 1 reveals that the NLS estimator is unbiased,
since the mean values of the NLS estimates of the model parame-
ters match 0*. Moreover, Table 2 demonstrates that the covariance
matrix of the NLS estimates agrees very well with the CRLB. There-
fore, the variances of the NLS estimates can be easily predicted
using (9). The standard deviations of the NLS estimates resulting

/2

D
(¢] QOpt

x Q° (0)

rob
D
0 Qrob (Ae)

Q,

-n/2

Fig. 2. Polar plot of the unit gradient directions used in the pure D-optimal (QODpt),
robust D-optimal (Q&b(oc) and Qﬁ)b(A(;) corresponding to the cases when
(ot — atp) € [-m/9, /9] and 6* € A, respectively) and conventional (Qp) g-space
sampling protocols.
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/2

A
(¢] QOpt

x Q* (0)

rob
A
0 Qrob (Ae)

Q,

-n/2

Fig. 3. Polar plot of the unit gradient directions used in the pure A-optimal (Qg)t),
robust A-optimal (Q%,(x) and Q%,(4,) corresponding to the cases when
(o0 — atp) € [-7/9, /9] and 0* € A,, respectively) and conventional (Qp) g-space
sampling protocols.

Table 2

Comparison of the standard deviations obtained with conventional (Qp), D-optimal
(Q(,Dp[) and A-optimal (Qf,‘p() g-space sampling protocols containing M = 12 sampling
locations for ¢ =5% noise. The computed values result from MC simulations
(K'=20000). The units used are the same as the ones used for Table 1.

0* Standard deviations for o = 5%

Q B Qe

MC Predicted MC Predicted MC Predicted
D) 2400 0.246 0.244 0.183 0.185 0.177 0.179
Dy, 2.800 0.264 0.265 0.213 0.212 0.195 0.193
D,, 2500 0.249 0.249 0.248 0.248 0.244 0.244
D,, —0346 0.200 0.200 0.165 0.164 0.175 0.175
Vi 0300 0.017 0.017 0.015 0.015 0.015 0.015
vy 0.400 0.018 0.018 0.016 0.016 0.016 0.016
V, 0.100 0.017 0.017 0.024 0.024 0.024 0.024

from QODDt and Qﬁpt are smaller than those from Qp with improve-
ments up to 33%, except for V,, for which the standard deviation in-

creases slightly.

3.2. Performance of our robust D-optimal and A-optimal sampling
protocols

Robust optimization of the g-space sampling protocol using
D- and A-optimality is conducted following (11)-(17). To that
end, an uncertainty set must be defined (e.g., an interval A, defined
as a product of uncertainty intervals for each of the model param-
eters as in (15) in Section 2.4). In a first illustrative example, only
one physical parameter is varied within an uncertainty set, such
that the optimization function can be plotted vs. this parameter.
To preserve some physical meaning as well as generality, we chose
to define our uncertainty as a function of the rotation angle o about
the z-axis of our physical model, namely « € [op—7[9, 0 + 7[9],
such that five of our model parameters (i.e., Dyx, Dyy, Dy, Vx and
V,) are allowed to vary, while the other two (D, and V,) are con-
stant. The model parameters used for the pure optimization corre-
spond to o = og = 7/3.

The unit gradient directions corresponding to the resulting
robust D-optimal and A-optimal g-space sampling protocols are

plotted and compared to the conventional, pure D-optimal and
A-optimal g-space sampling protocols in Figs. 2 and 3, respectively,
while g~17.9mm™! as for the pure optimal protocols. One
observes a slight shift of the positions of the sampling locations
of the robust optimal sampling protocols (Q>, () and Q%, (),
respectively) with respect to those of the pure optimal protocols
(QODpt and Qg‘pt, respectively) around the equator, in order to reduce
the uncertainty of the worst-case estimation within the range
o € [op—7/9, 00 + 7[9].

In order to assess the performance of robust optimization, Table
3 reports the worst values of the normalized determinant of the
FIM, J,/J2, and the normalized trace of the CRLB, —],/J% obtained
when « spans the interval [op — /9,00 + /9] for the D-optimal
(Qqy), robust D-optimal (Qy,,), A-optimal (Q7,,), and robust A-opti-
mal (Q,) g-space sampling protocols. Additionally, MC simula-

rob

tions are run to compute the standard deviations (see Table 4)
for the worst cases defined in Table 3 for each of the optimized
sampling protocols. Moreover, J,/J5 is plotted as a function of
the rotation angle « in Fig. 4, while Fig. 5 illustrates the variation
of the normalized trace of the CRLB, —J,/J3, as a function of . In
both cases, the figures at the top show the optimization function
for the whole range of « € [0,x], while the figures at the bottom
provide a zoom on the robust optimization region, o € [0 — 7/
9,00 + 1/9], for the pure (subscript “opt”) and robust (subscript
“rob”) optimization sampling protocols obtained with both
D- and A-optimality. The solid lines represent the results for pure
optimization, while the dashed lines are for robust optimization.
The results for pure and robust D-optimal protocols are in black,
the ones for pure and robust A-optimal protocols are in dark gray,
and the ones for the conventional sampling protocol are in light
gray. J° (¢ € {D,A}) are chosen such that J,/J° = 1 when « = oo, For
D-optimality, J,//% is maximum, while —J,/J% is minimum for
A-optimality.

It is noteworthy to compare the performance of the A-optimal
sampling protocols in terms of the normalized determinant of
the FIM (i.e., the optimization function used for D-optimality) with
that of the D-optimal sampling protocols in Fig. 4. Similarly, Fig. 5
allows for comparison of the performance of the D-optimal sam-
pling protocols in terms of the normalized trace of the CRLB (i.e.,
the optimization function used for A-optimality) with that of the
A-optimal sampling protocols. Clearly, the A-optimal sampling
protocols do not perform as well as the D-optimal sampling proto-
cols in terms of J,/J9, and vice versa in terms of —J,//%. Nonethe-
less, both D- and A-optimal sampling protocols significantly
outperform the conventional sampling protocol Qp : Jp/J5 > 0.89
for our optimized sampling protocols compared to J,/J3 < 0.34
for Qp, and —J,/J% < 1.025 vs. >1.27 for Qp. Moreover, robust opti-
mization is effective in improving the worst-case scenario com-
pared to the pure optimization. As shown in Figs. 4 and 5, if o
takes the nominal value oy, then the pure optimization achieves
the best performance. However, the robust optimization always
produces the best worst-case performance over the uncertain
parameter set o € [0p — /9,0 + 7/9].

A second illustrative example is used for verification of the
trends observed in the first example. An uncertainty interval A,
is defined according to (15) as the product of the intervals spanned
by each of the model parameters as the angle o is varied from
oo — T[9 to og+ /9], and new robust optimal g-space sampling
protocols are computed. The unit gradient directions correspond-
ing to these new robust D-optimal and A-optimal g-space sampling
protocols are plotted and compared to the previously mentioned q-
space sampling protocols in Figs. 2 and 3, respectively, while
q~17.9 mm! as for the previous optimal protocols. One observes
a slight shift of the positions of the sampling locations of the robust
optimal sampling protocols (Q?Ob(A(,) and Q4 (4,), respectively)

rob

with respect to those of the pure optimal protocols (QODpt and
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Table 3
Comparison of the normalized determinant of the FIM, J,/J5, and the normalized trace of the CRLB, —J,/J% for the D-optimal (QODP[), robust D-optimal (Qb,), A-optimal (QQP[), and

robust A-optimal (Q’r‘ob) g-space sampling protocols at their respective worst cases with (o — o) € [ — /9, 7/9].

Optimization functions for the worst cases (o — o € [ — 7/9,7/9])

Qb Qs Qe rob
]D/jg 0.9905 - 0.9915 - 0.9015 - 0.8937 =
_]A/]?\ - 1.0247 - 1.0229 - 1.0023 = 1.0018
Table 4

Comparison of the standard deviations obtained with the D-optimal (Qf)’m), robust D-optimal (Q2,), A-optimal (Qﬁm), and robust A-optimal (Q2,) g-space sampling protocols at
their respective worst cases (within o € [ag — 7/9,0 + 7/9]). The MC parameters and units used are the same as the ones used for Table 1. Table 3 lists the values of the
optimization functions corresponding to the worst cases.

Standard deviations for the worst cases

Qgpt Qll‘)ab Qgpt Q‘:ob
MC Predicted MC Predicted MC Predicted MC Predicted
[0z 0.178 0.178 0.179 0.180 0.172 0.172 0.172 0.173
Dy, 0.220 0.220 0.219 0.218 0.203 0.202 0.199 0.200
D,, 0.249 0.248 0.247 0.248 0.243 0.244 0.244 0.244
D,y 0.163 0.162 0.162 0.161 0.174 0.173 0.174 0.174
Ve 0.014 0.014 0.014 0.014 0.015 0.015 0.015 0.015
vy 0.017 0.017 0.017 0.017 0.017 0.017 0.017 0.017
V. 0.024 0.024 0.024 0.024 0.024 0.024 0.025 0.024
a = a 13 — ;
- ok
09 Co e 1.25} oot :
! ! ! 1 ! I
1 1 1 1 ! 1
0.8 ! 1 ! D 1 1 1 D
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Fig. 4. Plot of the normalized determinant of the FIM, J,//3 as a function of the
rotation angle o about the z-axis of the physical model for the pure and robust
D-optimal (Qf,, and Qp,, respectively) and A-optimal (Q},, and Qf,,, respectively)
g-space sampling protocols using o = oo =7/3 and for the conventional sampling
protocol Qp: (a) a€[0,m]; (b) larger view for o€ [ag— m/9,00+ m/9]. For
D-optimality, jD/]g is maximized and equal to 1 at o = o.

_ 0
JA/JA

0.9 1
o (rad)

1.1

Fig. 5. Plot of the normalized trace of the CRLB, —J, /]ﬂ as a function of o for the pure
and robust D-optimal (Qg,, and Qp,,, respectively) and A-optimal (Qj,, and Qp,
respectively) g-space sampling protocols using oo = 7/3 and for the conventional
sampling protocol Qp: (a) o € [0,7]; (b) larger view for o € [og — 7/9, 00 + 7/9]. For
A-optimality, —]A/jg is minimized and equal to 1 at o = .
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Table 5

Comparison of the normalized determinant of the FIM, J,/J5, and the normalized trace of the CRLB, —J,/J% for the D-optimal (Qf)’p(), robust D-optimal (Qb,), A-optimal (Qf}p[), and

robust A-optimal (Q*

Top) @-space sampling protocols at their respective worst cases with 0* € A,.

Optimization functions for the worst cases (0* € A,)

D D
Qopt Qrob

A A
Qopt Qrob

Io/l 0.013 - 0.017
,]A/]R - 2.011 -

2.053 - 2.136 -

0.008 = 0.02 =
1.9509

Q'g - respectively) and the previous robust optimal protocols
QP () and QA (o), respectively) around the equator, in order to
reduce the uncertainty of the worst-case estimation within the
new range 0* € A,.

As for the previous example, the worst values of the normalized
determinant of the FIM and the normalized trace of the CRLB for
our previous pure D- and A-optimal g-space sampling protocols
and our new robust D- and A-optimal g-space sampling protocols
are tabulated in Table 5. These results confirm the success of our
algorithm in that the uncertainty in the parameter estimates in
the worst cases for our robust protocols is lower as per our optimi-
zation functions than that for our pure optimal protocols. The only
difference with our previous example is that the optimization
functions for the worst cases here are farther from optimality
(unity), which can be explained by the larger uncertainty set A,
(a 5-D hypervolume vs. a 1-D segment). MC simulations were also
conducted with an outcome in complete accordance with that of
our previous example.

3.3. Discussion

The NLS estimator for our DWMR model (4) is not biased, unlike
typical estimation problems encountered in MRI, wherein signal
amplitudes as opposed to complex signals are processed, thereby
resulting in a noise in the signal amplitude actually following a Ri-
cian distribution with non-zero mean [43,44,57] instead of a
Gaussian distribution. In particular, data models used for DWMR
often use the amplitude of the DWMR data while neglecting the
phase of the data, such that the corresponding NLS estimators
are biased. However, other than recently in [38], studies on model
analysis and optimization [49,37,58,28] typically assume Gaussian
noise for simplicity because Rician noise is only available as an
integral formula, which does not lends itself to straightforward
analytical or numerical investigations, such that the resulting
g-space sampling protocols do not exactly reproduce the designed
outcome. By taking into account both the amplitude and the phase
of the signal, i.e.,, a complex signal with superimposed complex
Gaussian noise, our analysis obviates these problems and the use
of a CRLB with Gaussian noise is more appropriate. While robust
optimization has been implemented for MT-MRI in [42], wherein
a CRLB with Gaussian noise is used for magnitude MR images,
we use robust optimization in the context of designing DWMR pro-
tocols, thereby directly incorporating the uncertainty in the a priori
knowledge of our model parameters, in conjunction with a physi-
cal model of the complex MR signal for skin microcirculation,
thereby allowing the use of a CRLB with Gaussian noise.

Figs. 4 and 5 clearly demonstrate the superior performance of our
D-optimal and A-optimal sampling protocols compared to a conven-
tional protocol. While the differences between pure and robust opti-
mization results are not overwhelming for our particular DWMR
model and the specific model parameters chosen here, the example
provided in Section 3.2 adequately illustrates the difference be-
tween the two approaches and the importance of robust optimiza-
tion. Since the numerical method used to achieve robust
optimization outlined in Section 2.4 does not require much more
computational time as that used for pure optimization, one should

always attempt to follow this approach provided an uncertain
parameter set (i.e., model parameters with known bounds). It is
noted that, in practice, as long as the model is derived from physical
principles or preliminary data is available, such uncertain parameter
sets can be easily determined. In doing so, it is recommended to ob-
tain the smallest uncertainty set for the robust optimization in order
to achieve its worst-case performance at a level that is comparable
to the one achieved by the pure optimization with the true parame-
ter values. This can be easily seen from the fact that, if the true
parameter values 6* are given such that 0* € A, C A,(i.e., A, repre-
sent a smaller uncertainty set for the true parameters compared to
Ay), then J; = maxominge4,J(0,Q) = J, = maxominge,,J(0,Q) (i.e.,
the robust DWMR protocol based on the smaller uncertainty set
A7 can only perform better than the robust DWMR protocol based
on the larger uncertainty set A,).

4. Conclusions

A general experimental design framework allowing the investi-
gation of skin microcirculation by DWMR is proposed based on a
physical model of the DWMR complex signal for skin microcircula-
tion. Starting from an effective dispersion model of skin resulting
from a linearized volume-averaged advection-diffusion equation,
an expression for the complex DWMR signal is obtained, and de-
pends on experimental parameters as well as model parameters
which represent physical quantities of interest. Then, the g-space
sampling schemes used to obtain the DWMR data are optimized
based on D- and A-optimality in order to counteract the inherently
low SNR caused by the short relaxation times of skin tissues and
reduce the uncertainty in the NLS parameter estimates. A robust
optimization method is also presented in order to further optimize
the g-space sampling protocols when a priori knowledge of an
uncertainty set for the model parameters is available. Our models
and our optimized vs. conventional g-space sampling schemes are
validated via MC simulations. Our numerical results reveal the vast
improvement in the model parameter estimation by using our
optimal sampling schemes compared to a conventional sampling
scheme. Moreover, our robust optimal sampling schemes achieve
the goal of minimizing the worst case of the uncertainty in param-
eter estimation within an uncertainty set for the model parame-
ters, which is of crucial interest when model parameters can take
any value within a prescribed set. This manuscript is thus meant
as a tool to design quantitative DWMR protocols for skin microcir-
culation studies (e.g., to investigate chronic venous insufficiency or
diabetes) and as a complement to ongoing hardware advances. The
future of this work is to experimentally implement our modeling
and sampling protocols in combination with using high-end hard-
ware and conduct in vivo skin microcirculation studies.
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